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Linear Analysis of Feedforward Ring Oscillators

Young-Seok PARK†, Pyung-Su HAN†∗, Nonmembers, and Woo-Young CHOI†a), Member

SUMMARY A linear model for feedforward ring oscillators (FROs) is
developed and oscillator characteristics are analyzed using the model. The
model allows prediction of multiple oscillation modes as well as the os-
cillation frequency of each mode. The prediction agrees well with SPICE
simulation results.
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1. Introduction

Multiphase clocks are very useful for realizing high-speed
data processing systems with low-speed circuit elements.
Triggered in sequence by equally-spaced N-phase clock sig-
nals, multiphase systems can achieve N-times higher oper-
ating frequencies than single-phase clocked systems. For
this reason, multiphase clocks are often used for such appli-
cations as high-speed analog-digital converters (ADCs) and
clock and data recovery (CDR) circuits.

The ring oscillator (RO) structure is widely used for
generating multiphase clocks. In feedforward ring oscil-
lators (FROs) [1]–[7], feedforward signal paths are added
between delay stages and can achieve much higher oscilla-
tion frequencies than conventional ROs without any feed-
forward paths [5], [6]. In addition, oscillation with an even
number of single-ended delay stage [1], [3], [4], [7] can be
achieved, which is not possible with conventional ROs. Al-
though many different names have been used for FROs such
as negative-skewed delay RO [1], coupled RO [3], and sub-
feedback RO [7], we will use the name FRO in this paper.

FROs have been analyzed with several different meth-
ods. Well-defined models and equations are introduced in
[2], [6], and the mechanism for the oscillation frequency
enhancement characteristic of FRO is analyzed. However,
these cannot predict oscillation modes. Consequently, os-
cillation frequency optimization based on these models is
limited.

In this paper, a generalized linear FRO model is de-
veloped, which can cover a wide variety of FRO structures.
The model allows prediction of multiple oscillation modes
and oscillation frequencies. The accuracy of the model is
verified with transistor-level simulation.
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2. Analysis of FRO

A typical five-stage RO having an inverter as the delay stage
is shown in Fig. 1(a). It has five output nodes and the signal
at each node is represented by ck1 through ck5. Figure 1(b)
shows a five-stage FRO. The direct signal path from cki to
cki+1 is depicted in solid lines, and the feedforward signal
path from cki−1 to cki+1 in dashed lines.

The unit delay stage can be defined as the simplest re-
peating circuit fragment as shown in Fig. 2(a) for RO and (b)
for FRO. In Fig. 2(b), a normalized scaling factor α is used
for the feedforward path inverter gain in a ratio to the direct
path inverter gain.

A small-signal equivalent model for the unit delay
stage of the conventional RO is shown in Fig. 3(a). The load
capacitance C consists of input and output capacitances of
the delay stage. The transfer function for the unit delay stage
is given as

cki+1 = H( f )cki =
−gmR

1 + j2π f RC
cki (1)

For this RO to achieve oscillation, its open-loop frequency
response should reach unity. This condition can be ex-
pressed as

Fig. 1 Schematic diagram: (a) five-stage conventional RO (b) five-stage
FRO.

Fig. 2 Unit stage: (a) conventional RO (b) FRO.
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Fig. 3 A linear, small-signal equivalent circuit of the unit delay stage:
(a) conventional RO (b) FRO.

∠H( fOS C) =
2π
N

k = θk for k = 1, . . . ,N − 1 (2)

and

|H( fOS C)| = 1 (3)

Where ∠H( fosc) represents the phase response, and |H( fosc)|
the magnitude response, respectably, at the oscillation fre-
quency fosc.

The small-signal equivalent circuit for the FRO unit de-
lay stage is shown in Fig. 3(b). The resistor in Fig. 3(b) rep-
resents two parallel resistors, R from the direct path and R/α
from the feedforward path. The two parallel capacitors, C
and αC, are also shown as a single capacitor, C(1 + α). The
output signal cki+1 can be expressed as the function of two
input signals, cki−1 and cki, as

cki+1 =
−gmR

(1 + α)(1 + j2π f RC)
(cki + αcki−1) (4)

In an oscillator in stable oscillation, any signals at two nodes
have a constant phase relationship and, consequently, ∠cki −
∠cki−1 = θk or cki−1/cki = exp(− jθk). Note that this phase
difference θk has the same meaning as θk given in (2).

The five -stage FRO in Fig. 1(b) has four phase values,
θ1, . . . , θ4 for possible oscillation and they are graphically
shown in Fig. 4.

Equation (4) can be rewritten with cki−1 substituted by
cki exp(− jθk). Then cki+1 can be expressed as a function of
cki as

cki+1 = G(α)cki,

where G(α) =
−gmR[1 + α exp(− jθk)]
(1 + α)(1 + j2π fOS CRC)

. (5)

The phase response of G(α) can be expressed as

∠G(α) = π + β − γ, (6)

where β and γ represent the frequency-independent and
frequency-dependent portion of the phase response, re-
spectably, as given below:

β =

{
tan−1(Y/X), i f X > 0
tan−1(Y/X) + π, i f X < 0

}
,

Fig. 4 Four phase values of five-stage FRO for possible oscillation; (a)
θ1 = 2π/5. (b) θ2 = 4π/5. (c) θ3 = 6π/5. (d) θ4 = 8π/5.

Fig. 5 Phase relationship between input and output signals of the unit
stage.

where X = 1 + α cos θk, Y = −α sin θk, (7)

And,

γ = tan−1(2π fOS CRC). (8)

In Fig. 5, the phase relationship between cki−1, cki and
cki+1 are depicted as vectors on a complex plane. Phase an-
gle β is introduced by the feed-forwarded signal cki−1, which
is lagging cki by θk. Since θk is constant in a specific oscil-
lation mode, β is independent of the oscillation frequency
and is determined solely by the feedforward strength α. To
achieve oscillation in that mode, cki should be also lagging
cki+1 by θk or,

π + β − γ = θk. (9)

Using (8) and (9) we have

0 ≤ γ ≤ π/2, where γ = π + β − θk (10)

The magnitude response of G(α) can be determined from
(5), (7), (8) and (9).

|G(α)| = gmR
(1 + α)

√
X2 + Y2

1 + tan2(θk − β)
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Fig. 6 Five-stage FRO characteristics: (a) Normalized frequency-
dependent phase response γ and (b) Magnitude response |G(α)|.

=
−gmR

(1 + α)

√
X2 + Y2(X cos θk + Y sin θk)

=
−gmR

(1 + α)
(cos θk + α cos 2θk) (11)

Whether a given set of k and α can result in an oscillating
FRO or not can be determined by checking first if γ given
in (10) satisfies 0 ≤ γ < π/2 and, |G(α)| in (11) is larger
than one. The corresponding oscillation frequency fosc can
be calculated using (7), (8) and (9) as following:

fOS C =
tan γ
2πRC

=
tan(β−θk)

2πRC
=

1
2πRC

(
(Y/X)−tan θk

1+(Y/X) tan θk

)

=
−1

2πRC

(
sin θk + α sin 2θk
cos θk + α cos 2θk

)
. (12)

3. Simulation Result of FRO

3.1 Dominant Mode Determination

The feedforward strength α is the key parameter for de-
termining oscillation frequency, because α can change the
dominant mode of FROs. α can be easily changed with
transistor width. In order to predict the dominant mode of
FROs, behaviors of FRO having N=5 are investigated with
the above-described FRO model for 0 ≤ α < 3.

Figures 6(a) and (b) show γ and |G(α)|, respectively,
for each k value in a five-stage FRO. It is assumed that the
DC gain of the inverter used in the unit delay stage is 20,
a typical value for a CMOS inverter. From the figure, the
range of α can be determined for each k that satisfies the os-
cillation condition, 0 ≤ γ/π < 0.5 and |G(α)| > 1. In the

Fig. 7 Comparison between model-prediction and SPICE simulation re-
sults of various FRO. Oscillation frequencies are normalized with the value
of five-stage FRO at α=0.

figure, the shadowed regions represent those ranges where
the oscillation condition cannot be satisfied. For example,
for 0 ≤ α < 0.45, only k=2 can satisfy the conditions. For
0.45 ≤ α < 0.6, both k=1 and 2 can satisfy the conditions.
If there are more than one oscillation modes at a give α, the
one having the greatest |G(α)| becomes the dominant mode.
Consequently, k=2 with the greater magnitude response is
the dominant mode. For 0.6 ≤ α < 1, k=1 and 3 both sat-
isfy the oscillation conditions but k=3 is the dominant mode.
Lastly, for α > 1, k=1 and 3 both satisfy the conditions, but
k=1 is the dominant mode.
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The k=1 and 3 cases shown in Fig. 6 both satisfy the os-
cillation conditions and have the same magnitude response
at α=1. In this case, FRO oscillation modes compete with
each other, and the one with the largest initial power-share
wins following the “Winner-Takes-All” dynamics [8]. This
implies that the dominant oscillation mode should have suf-
ficient marginal magnitude gain to achieve stable oscillation.

3.2 Prediction vs. SPICE Simulation

In order to verify the accuracy of our model, behaviors
of various FROs having N=4, 5, 6 are analyzed with our
model, and compared with SPICE simulation results. Solid
lines in Fig. 7 show the calculated oscillation frequencies for
the dominant mode using Eq. (12) as α changes and dashed
lines show SPICE-simulated oscillation frequencies. For
easier comparison, oscillation frequencies in each figure are
normalized with the oscillation frequency of five-stage FRO
with α=0.

It can be observed that the agreement is good except
in the region where oscillation frequencies change abruptly.
This is due to the fact that our FRO model is based on a
small-signal model which assumes fixed bias conditions for
each device. This assumption is appropriate when the FRO
is in stable oscillation, however, it fails when a strong posi-
tive feedback pushes MOS transistors into the linear region.
Such a strong positive feedback occurs in the region where
the oscillation frequency changes abruptly due to the mode
switching. However, overall dependence of oscillation fre-
quencies on α shows a good agreement and, in particular, α
values where the mode transition occurs are very well pre-
dicted by our model. In other words, we can reliably use
our model to determine α for the mode having the desired
oscillation frequency characteristics.

4. Conclusion

In this paper, a simple linear FRO model and design equa-

tions are developed. The model is verified with SPICE simu-
lation. It is shown that our model can predict FRO behaviors
accurately in all number of delay stages. This should be a
very useful design guide for FRO circuits.
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